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Abstract

A novel and robust experimental technique is proposed for predicting the average ®bre length in layered composites by using data

generated from two parallel, closely spaced sections of a specimen. The method estimates the average ®bre length on the basis of the
ratio of matched ®bres appearing in both cross-sections to the total number observed in a single cross-section. The experimental
results of the two-section method were veri®ed by using a conventional binder burnout process, in which residual ®bres were mea-
sured and recorded directly. The direct measurement results con®rmed the average ®bre length predictions of the two-section ®bre

matching method. # 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

Properties of ®bre-reinforced composites are largely
determined by three factors: ®bre content, ®bre aspect
ratio, and ®bre orientation. It is widely reported in the
literature that some of the processing steps in the fabri-
cation of short-®bre-reinforced polymeric composites
can signi®cantly reduce the ®bre length through break-
age. Reduction of ®bre length decreases the modulus and
strength of the composite [1]. For example, Kamal et al.
[2] reported a decrease from 0.71 to 0.27 mm in injection
moulding of short-®bre thermoplastics. Therefore, one
cannot reliably use the observed ®bre length prior to
compounding for modulus and strength prediction.
The most common method for ®bre-length evaluation

is the direct measurement of ®bre lengths after resin
burnout [2±8]. However, as proposed in this paper,
estimating the average post-process ®bre length indir-
ectly from cross-sectional data collected for ®bre-orien-
tation measurements can eliminate this additional
lengthy procedure. (Note that such an indirect mea-
surement supplies only the average ®bre length as
opposed to the distribution obtainable from direct mea-
surements.) In this context, Zhu et al. [9] proposed to

derive the average ®bre length in short-®bre composites
by calculating the fraction of ®bres whose ends have
been intersected by the sectioning plane out of a total
number of intersected ®bres. However, as pointed out
by the paper's authors themselves, this method may
produce highly inaccurate estimates. In numerous cases,
it is di�cult to be certain whether one indeed intersected
a ®bre end (as characterized by an incomplete ellipse
boundary). For example, it is possible that the incom-
plete ellipse boundary is caused by a piece of ®bre
chipped away by polishing.
In this paper, a novel, more robust method is pro-

posed for the estimation of the average ®bre length
which is based on data derived from two consecutive
closely-spaced parallel sections of a specimen. The
method predicts the average ®bre length from the ratio
of the number of ®bres intersected by both sections to
that intersected by only one. Following the description
of the method in Sections 2 and 3, an example applica-
tion of the new method and its veri®cation by direct
®bre-length measurements are described in Section 4.

2. Determining the average ®bre length from two-section
®bre data

The ®bre length estimation method proposed in
this paper utilizes data derived from two consecutive
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closely-spaced sections of a specimen. The ®bre length is
estimated from the ratio of the number of ®bres inter-
sected by both sections to that intersected by only one
section. The above information on the numbers of ®bre
intersections would typically become available as part of
applying a cross-sectional method for ®bre-orientation
measurement, such as the one described in Zak [10].
However, the data could also be extracted speci®cally
for the purposes of ®bre length evaluation.
For a method estimating the average ®bre length to

produce accurate results, the issue of separating the
®nes and fragments from the ``cylindrical'' ®bres must
be addressed. Since the average is the total length of all
®bres divided by the total number of ®bres, a large
number of fragments, if counted, would skew the aver-
age towards zero. The need for the lower ®bre-length
limit exists in any direct length measurement method
(e.g. burn-out method) as well as in the proposed
method. In a direct measurement method, the lower
limit is established by the ability to identify individual
®bres and thus to measure their length. In the proposed
two-section method, the lower limit is well established
by the ability to identify ®bre cross-sections as ellipses
(see Section 3). A ®bre, in order to produce an elliptical
cross-section, must have a cylindrical pro®le of ®nite
length. Fines and fragments will not have the char-
acteristic elliptical cross-section and thus will not be
counted.
This section will ®rst derive the ®bre length estimates

given an assumption of the uniform ®bre length and
then will show that accounting for the distribution of
®bre lengths does not alter the previously derived
expressions. The section concludes with the evaluation
of the error sensitivity of the proposed estimation
method.

2.1. Uniform ®bre length

A well-known relationship in quantitative microscopy
[11] gives the probability of a randomly positioned
section plane intersecting a particle located in a cubical
L� L� L sample space as:

Prob plane intersects a particle� � � H=L; �1�

where H is the extent of the particle along the section
plane normal (or height for a horizontal plane). Exam-
ining Fig. 1 leads to a conjecture that the corresponding
range of possible particle-plane intersections for two
parallel section planes, separated by a distance zt, is
(Hÿ zt), which leads to the intersection probability
given by:

Prob two planes intersect a particle� �

� Hÿ zt� �=L;H > zt: �2�

In the case of non-spherical particles, such as cylind-
rical ®bres, H will naturally depend on the ®bre's
orientation with respect to the section plane, Fig. 2. Let
this orientation be de®ned by two angles ��; ��, where �
is the ®bre misalignment angle with respect to the section
normal and � is the rotation angle about the section
normal, or the azimuth angle. Then, the ®bre's ``height''
is given by:

H � l cos �� d sin�; �3�

where l is the ®bre length and d is the ®bre diameter.
Let the number of ®bres oriented at an angle � and

intersected by a single section be denoted by nI �� � and
those intersected by two sections be denoted by nII �� �,
nI �� � � NTp �� �H=L
and

nII �� � � NTp �� � Hÿ zt� �=L; �4�

where NT is the total number of ®bres in the specimen,
and p �� � is the probability of ®nding ®bres oriented at
an angle �. Then, for a range of �1 to �2, the number of
®bres intersected by one cross-section, NI, and inter-
sected by both cross-sections, NII, is given by the fol-
lowing integrals:

NI �
��2
�1

nI��� d� andNII �
��2
�1

nII��� d�: �5�

Substituting Eq. (4) into Eq. (5) and rearranging:

NI � NT

L

��2
�1

p���H d�;

and

NII � NT

L

��2
�1

p���H d�ÿ zt

��2
�1

p��� d�

� �
: �6�

Taking the ratio of the two ®bre counts and sub-
stituting for H from Eq. (3):

NII

NI
� 1ÿ zt

� �2
�1
p��� d�� �2

�1
p���H d�

� 1ÿ zt
� �2
�1
p��� d�

l
� �2
�1
p��� cos��� d�� d

� �2
�1
p��� sin��� d�

� 1ÿ Pzt
Ql� Rd

; �7�

where P � � �2�1p��� d�, Q � � �2�1p��� cos��� d� and
R � � �2�1p��� sin��� d�.
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Finally, rearranging Eq. (7) one obtains the ®bre
length as:

l � 1

Q

Pzt

1ÿNII

NI

ÿ Rd

0BB@
1CCA: �8�

2.2. Fibre-length distribution

Typically, ®bre lengths in a short-®bre composite
would be characterized by a distribution. In order to
represent such a distribution, let us assume that the
specimen contains Ni ®bres of a discrete length li, where
the total number of ®bres is then de®ned as:

NT �
Xm
i�1

Ni: �9�

Considering each subset of Ni ®bres of length li inde-
pendently, one can rewrite Eq. (6) as:

NI
i �

Ni

L

��2
�1

p���H d�; �10�

and

NII
i �

Ni

L

��2
�1

p���H d�ÿ zt

��2
�1

p��� d�

� �
:

Substituting for H given in Eq. (3) and using the
de®nitions of the terms P, Q, and R given in Eq. (7), and
furthermore by assuming that ®bre orientation is inde-
pendent of ®bre length, the above expressions are
rewritten as:

NI
i �

Ni

L
�Qli � Rd�; �11�

and

NII
i �

Ni

L
�Qli � Rdÿ Pzt�:

Fig. 1. A pair of section planes shown in upper and lower extreme positions which still lead to the ®bre being intersected by both planes.

Fig. 2. Geometry of the ®bre intersection by two parallel section

planes.

G. Zak et al. / Composites Science and Technology 60 (2000) 1763±1772 1765



In order to obtain the number of ®bres of all lengths
intersected by one and by two sections, the contribu-
tions of each length are summed as:

NI �
Xm
i�1

NI
i �

1

L
Q
Xm
i�1

Nili � Rd
Xm
i�1

Ni

 !
;

and

NII �
Xm
i�1

NII
i �

1

L

 
Q
Xm
i�1

Nili � Rd
Xm
i�1

Ni ÿ Pzt
Xm
i�1

Ni

!
:

�12�
The ®bre-count ratio can now be written as:

NII

NI
� 1ÿ PztNT

Q
Pm
i�1

Nili � R; dNT

� 1ÿ Pzt

Ql�� Rd
; �13�

where the average ®bre length is de®ned as:

l��
Pm
i�1

Nili

NT
: �14�

Eq. (13) can be rearranged to yield the average ®bre
length as:

l�� 1

Q

Pzt

1ÿNII

NI

ÿ Rd

0BB@
1CCA: �15�

Eq. (15) above is equivalent to Eq. (8), which was
derived without considering a ®bre-length distribution
within a specimen. Therefore, the proposed two-section-
based ®bre-length estimate in Eq. (8) indeed represents
the average ®bre length.

2.3. Error sensitivity

It would be bene®cial to evaluate the robustness of
the ®bre-length estimate in Eq. (8). Herein, it is assumed
that the most signi®cant error sources are the estimates
of NI and NII and thus, the ratio NII=NI, and the section
separation distance zt.
In Eq. (8), the impact of errors in the term (Rd) can be

ignored, as its contribution to the estimate of l is much
smaller than the ®rst term's. Evaluating partial deriva-
tives with respect to (NII=NI) and zt, the following error
estimate is obtained:

�l � ÿPzt
Q�1ÿ w�2 �w

� �2

� P

Q�1ÿ w��zt

� �2
" #1=2

; �16�

where w � NII=NI and �w and �zt are errors in w and
zt, respectively.
The contributions of individual terms and the total

error estimate are displayed in Fig. 3 for typical data
(zt � 13:8 mm, w � 0:82, P � 0:52, Q � 0:5, R � 0:134,
yielding l � 76:4 mm). The plot shows that the ®bre
length estimate is highly sensitive to the error in the
ratio w: namely, a potential error of about 2±3% in w
would result in 10±15% variability in the length esti-
mate. On the other hand, contribution of the zt error is
relatively insigni®cant.

3. Matching ®bre ellipses between cross-sections

Practical application of the theoretical expressions
formulated in the preceding section requires that, for
each ®bre intersecting either of the section planes, it is
known whether the ®bre passes through both planes or
only through either one of them. To obtain such infor-
mation, one would need to identify for each elliptical
®bre cross-section on one section plane whether there
exists a matching ®bre cross-section on the other plane
which belongs to the same ®bre. Our experience of
analyzing cross-sectional images of short-®bre speci-
mens has shown that this is not a trivial task. Several
speci®c problems contributing to the task's di�culty
have been identi®ed.
The ®rst problem arises because, after examining the

®rst section and prior to examining the second section,
the specimen must be removed from the set-up for
repolishing. This step may yield an undesirable (and
unknown) relative translation and rotation between the
images of the two sections.
The second problem is caused by the variability of

®bre orientations within the short-®bre composite.
When a ®bre is intersected by two o�set parallel planes,

Fig. 3. Error sensitivity of the average length estimate based on the

two-section data.
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the location of the elliptical cross-section within the
second section plane shifts relative to the coordinate
frame ®xed to the ®rst section by ��x;�y�, Fig. 2. This
shift is naturally a function of the ®bre's orientation,
��; ��, and, therefore, varies from ®bre to ®bre.
The third problem is caused by the short length of the

®bres considered herein. For such short ®bres, a sig-
ni®cant fraction will not extend from one section to
another, and, therefore, there will not be two matching
cross-sections.
Due to the above problems, the pattern of ®bre cross-

sections changes signi®cantly from one section to the
other, which makes it impossible to reliably identify the
matching ®bres based on the raw cross-sectional images.
Therefore, a method has been developed to assist with
®bre matching process by predicting the locations of the
Section II ®bre ellipses based on the ®bre ellipse data
from Section I. The steps involved in ®bre matching
are:

1. Identify all the ®bre ellipse boundaries in Sections
I and II, (Section 3.1);

2. Obtain ®bre orientations based on the ®bre ellipses
in Section I, (Section 3.1);

3. Predict locations of ®bre ellipses in Section II
based on (a) the ®bre orientations derived from
Section I ellipses and (b) an approximate estimate
of the distance between section planes, z~t, (Section
3.3);

4. Translate and rotate ®bre ellipses observed in Sec-
tion II in order to express them in Section I coor-
dinates. Use approximate estimates of parameters
�x~ t; y~t� for translation and  t for rotation, (Section
3.3);

5. Superimpose the predicted locations of Section I
®bre ellipses over the Section II ellipses (all
expressed with respect to the Section I frame),
(Section 3.3);

6. Switch each ®bre's orientation as needed between
the two possible alternatives of the ellipse-based
orientation estimate, with the consequent di�er-
ence in the shift direction, (Section 3.4); and,

7. Identify the ellipses closest in terms of location,
shape, and orientation as ``matching'' (i.e. belong-
ing to the same ®bre).

3.1. Estimating ®bre orientation

As noted in Steps (1) and (2) above, ®bre orientation
must be calculated from a single cross section as part of
the matching process. Bay and Tucker [12], Fischer and
Eyerer [13], Hine et al. [14], and Zhu et al. [9] all mea-
sure short-®bre orientations by examining single
polished cross-sections with an optical microscope.
Their method considers the intersection of a cylinder
(i.e. a ®bre) with a plane, to calculate the misalignment

angle � between the plane's normal and the cylinder's
longitudinal axis:

� � acos B=A� �; �17�

where A is the major radius and B is the minor radius of
the ellipse, respectively. The azimuth angle, �, is de®ned
by the direction of the major axis.

3.2. Estimating section-to-section transformation
parameters

Step (4) of the ®bre matching procedure requires
values of four section-to-section transformation para-
meters: xt, yt, zt, and  t, (these parameters are circled in
Fig. 2). The (xt, yt) pair represents the in-plane shift
between the images of the two sections; zt is the separa-
tion distance between the section planes; and  t is the
rotation angle about Z-axis which aligns the two section
frames. It is assumed that the  t angle is small and that
the section planes are parallel to each other.
First, it must be noted that, since the matching pro-

cess only requires making the binary ``match'' vs. ``no-
match'' decisions, the parameter values do not need to
be precisely known at this stage. Additionally, an
approximate value for zt should be available because the
thickness of material removed would be usually mon-
itored during the repolishing step.
Second, one can use specimen features which extend

through both planes and are perpendicular to the planes
to approximately estimate the in-plane shift. These fea-
tures may be the specimen edges or ®bres nearly aligned
with the section-plane normal.
The parameter estimates can then be further re®ned

through an iterative process. Once a minimal number of
matching ®bres has been identi®ed, a more accurate
estimate of the transformation parameters can be made
using a methodology developed for evaluating ®bre
orientation in Zak [10]. These estimates can in turn be
used to enhance the accuracy of the ellipse overlapping
display. As more ®bres are matched, the accuracy of the
parameter estimates would be further improved.

3.3. Superimposing the ®bre ellipses

For the ellipses to be matched, they must be super-
imposed on the same display. To accomplish this task,
the predicted locations of Section I ®bre ellipses are
superimposed over the Section II ellipses expressed with
respect to the Section I frame. Before giving the expres-
sions for the locations of the superimposed ellipses,
several de®nitions are introduced below.
First, let the centre coordinates of a Section I ellipse be
�x�1�o ; y�1�o � and those of a Section II ellipse be �x�2�o ; y�2�o �,
Fig. 2. These are the locations of the ellipse centres in
the respective coordinate frames of each section. They
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are obtained, for example, by examining the images of
the specimen cross-sections.
Next, let �x̂�21�o ; ŷ�21�o � be the projected location of a

Section I ellipse centre, �x�1�o ; y�1�o �, along the ®bre's
longitudinal axis at the depth of Section II, but expres-
sed in Section I frame, and let �x�21�0 ; y�21�0 � be the centre
of the Section II ellipse, �x�2�o ; y�2�o �, transformed to the
Section I frame.
For the Section I ellipses, the projection is made based

on the ®bre's orientation ��; �� obtained as described in
Section 0 above:

x̂�21�o � x�1�o � z~t tan� cos ��

and

ŷ�21�o � y�1�o � z~t tan� sin ��; �18�

where the azimuth angle �� � � or �� � � � �, depend-
ing on which of the two alternative orientations is
selected; � is estimated using Eq. (17) and z~t is the initial
approximate estimate of the parameter zt.
In order to express the centres of Section II ellipses in

the Section I frame, they are ®rst rotated by angle  t

and then translated by �x~ t; y~t�:

x
�21�
0 � x

�2�
0 sin t ÿ y

�2�
0 cos t � x~ t

and

y
�21�
0 � x

�2�
0 sin t � y

�2�
0 cos t � y~t; �19�

where �x~ t; y~t� are the initial estimates of the parameters
xt; yt� �.
The transformed ellipses from both sections can now

be matched by displaying them simultaneously. After the
correct orientation alternative for the projected Section I
ellipses has been selected, as described in the following
subsection, the two displays should ideally overlap.

3.4. Selecting correct orientation alternative

Projecting Section I ellipses at the Section II depth
requires selection of the correct alternative from the two
possible orientations (�� � � or �� � � � �). The correct
orientation is found by examining each of the two
alternatives and selecting the one which produces a clo-
ser match. In the current implementation, this step is
performed manually, whereby a Section I ellipse is
``toggled'' between the two alternatives through oper-
ator's action and the closer match is visually identi®ed.
Then, the ellipses are matched and the ®bre's orienta-
tion alternative is recorded together with the identi®ca-
tions of the matching ellipses.
The above process is expected to be well-suited for

automation, since the matching decisions can be made

by automatically toggling between the alternative
orientations and seeking the closest matches in terms of
ellipse orientation, eccentricity, and minor diameter.

4. Average ®bre-length estimation from cross-sectional
images

4.1. Experimental procedure

Collection of ®bre-orientation and ®bre-length data is
a time-consuming task, with the bulk of the time spent
on the manual acquisition of the ®bre cross-section
boundary data from digitized images. Given below are
the primary steps required to collect the raw data and to
derive the ®bre orientations and the average ®bre
length:

1. set specimens in a resin mould;
2. mill the top surface of the mould to obtain a uni-

form planar surface;
3. polish the surface of the mould encasing the spe-

cimen;
4. acquire digitized images of the desired cross-sec-

tion region;
5. collect ®bre ellipse cross-section data.

Repeat Steps 3±5 for two closely-spaced (10±15 mm in
our case) consecutive cross sections;

6. identify matching ®bre ellipses in Sections I and II;
7. calculate the average ®bre length.

4.1.1. Specimen description
Fibre orientations and average ®bre lengths were cal-

culated for a sample of four specimens selected from a
larger set of layered composite specimens. Each speci-
men consisted of 13 layers, each layer nominally 0.3 mm
thick. The layered composites contained 18% of Owens
Corning 737BD 1/16'' milled glass ®bres in a matrix of
UV-cured Cibatool SL5170 photopolymer. Table 1 lists
the measured volumetric ®bre content for the four spe-
cimens.

4.1.2. Image acquisition
Due to the time-consuming nature of the ®bre-orien-

tation measurements, only several layers within each of

Table 1

Fibre content by volume

Specimen name Fibre content (%)

No. 1 16.4

No. 2 17.9

No. 3 16.9

No. 4 14.7
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the four specimens were examined. The specimens were
examined via a microscope (Olympus Vanox) under a
yellow-®ltered re¯ected light. Images were acquired
using a CCD video camera (Sony XC-77) passing its
signal to a frame grabber (Scion LG3) at a resolution of
640�480 pixels, with 256 grey levels per pixel. Each
image captured an area of 0.5�0.4 mm2, translating to a
spatial resolution of 0.83 mm per pixel.

4.1.3. Matching ®bres between sections
Once the combined data for both consecutive speci-

men sections is obtained, ellipses belonging to the same
®bres must be identi®ed. To facilitate the ®bre-matching
task, custom software was written in MATLAB1. The
developed software overlays ellipse outlines from both
sections onto the same display, as described in Section 3
of this paper. Fig. 4 shows an example of a Section II
image; Fig. 5 displays the ellipse boundaries extracted
from Section I and II images of the same area; and,

®nally, Fig. 6 provides an overlaid display of both sec-
tion ellipses after necessary transformations.

4.2. Experimental results

Each image required about 25±30 min of processing
for collection of ellipse data and a similar time for each
image-pair for ®bre matching. Including section pre-
paration, image acquisition, and other steps, the
experiments took about 150 h. The results of the sec-
tion-to-section matching are shown in Table 2.
Average ®bre lengths were estimated for all the speci-

mens using the methodology described in Section 2. To
simplify calculations, the length estimates were made
using only ®bres with the misalignment angle in the range
0� < � < 30� (� calculated from single-section orienta-
tion data). At low misalignment angles, the e�ect of the
orientation-dependent bias, which reduces the chance of
intersection for ®bres with increasing misalignment

Fig. 4. An example image of a specimen cross-section.

Fig. 5. Fibre ellipses obtained from two consecutive sections, with Section II (b) further into the specimen than Section I (a) by 14 mm.

Fig. 6. Overlaid display of ®bre ellipses from two sections.
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angles, is insigni®cant. Therefore, the e�ect of ®bre
orientation on overall length prediction based on the
ratio NII=NI can be safely ignored. The ®bre matching
results and NII=NI ratios are given in Table 3.
A second simplifying assumption was that the ®bres

are distributed uniformly within the angular range con-
sidered. Thus, p��� � K (K is a constant), �1 � 0, and
�2 � �=6; which yields factors P, Q, and R in Eq. (8) as

P � �
6
K, Q � 1

2
K, and R � 1ÿ

���
3
p

2

� �
K. For example,

using the data for Specimen no. 1 (®bre diameter d �
16 mm, section separation depth zt � 13:8 mm, NII �
344, and NI � 414) yields an average ®bre length esti-
mate of 84 mm. All estimation results are given in Table
4.

4.3. Fibre-length measurements via binder burnout

In order to verify the length predictions obtained
from section matching data, a reliable, independent
experimental technique was utilized. A binder burnout

process was developed based on a thermogravimetric
analysis of Cibatool SL5170 resin [15]. The temperature
was increased to 300�C, held for 2 h, and then increased
to 530�C and held for an additional hour. The recovered
®bres were placed in a petri dish and dispersed in alco-
hol. Photomicrographs were acquired via the same
CCD camera and microscope used previously, and the
captured images were digitized. In order to reduce the
undercounting of long ®bres due to the small size of a
single image, a matrix of four images was combined by
matching ®bre ends common to adjacent images (Fig.
7). Three such combined photomicrographs were
assembled from random locations within the Petri dish.
The digitized images were processed with a custom-
written MATLAB1 based software.
The length of each completely visible ®bre was

obtained by visually locating both of its ends and then
converting the length from pixels to millimetres using
the calibration data. Fibre length distributions are
generally described by asymmetrical histograms, with
short ®bres constituting the majority. Therefore, such
histograms can be well-represented by the Weibull

Table 2

Results of section-to-section matching

Specimen Number of

matched ®bres

Number of

®bres used to

estimate parameters

xt (mm) yt (mm) zt (mm)  t (deg)

No. 1 647 303 ÿ6.4�1.4 ÿ8.4�0.9 13.9�0.5 1.45

No. 2 928 300 25.9�0.8 8.7�1.6 10.8�0.9 0.45

No. 3 504 195 3.1�0.6 ÿ10.9�0.5 10.0�0.8 0.93

No. 4 120 80 41.7�1.3 7.3�1.8 11.4�0.7 2.1

Table 3

Fibre matching ratios

Specimen Number of

matched ®bres, NII

Total number of

®bres with

� < 30�;NI

Ratio NII=NI
ÿ �

No. 1 344 414 0.831

No. 2 621 683 0.909

No. 3 313 350 0.894

No. 4 39 48 0.813

Table 4

Fibre length veri®cation results

Specimen Two-section method Binder burnout method

Predicted average

®bre length (mm)

Total number of

®bres examined

Estimated mean ®bre

length (mm)

Estimated

standard deviation (mm)

No. 1 84 838 114 88

No. 2 138 1368 113 67

No. 3 110 1516 115 70

No. 4 54 937 101 70
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distribution [4,16]. Individual ®bre measurements in this
paper were thus combined to produce ®bre-length his-
tograms, which were ®tted to a two-parameter Weibull
distribution:

p�l� � b

a

l

a

� �bÿ1
eÿ

l
a� �b ; l > 0; �20�

where a and b are shape parameters and l is the ®bre
length. The two shape parameters were determined by a
linear regression ®t of the ordered ®bre lengths versus a
cumulative distribution function plotted on a logarith-
mic scale [17]. The histogram data and the ®tted Weibull
plots are displayed in Fig. 8 for all four specimens. The
mean lengths and standard deviations were obtained
from the ®tted Weibull PDF.
Thieltges and Michaeli [8], who employ a ®bre mea-

surement scheme similar to that outlined above, state
that, in order to gain statistically signi®cant results, it is
necessary to measure over 500 individual ®bres from
each sample, with over 800 ®bres recommended. Thus,
in order to assure the reliability of the estimations, the
smallest sample comprised 838 ®bres (Specimen no. 1),
Table 4.
From Table 4, the combined weighted average of the

mean ®bre lengths for the four specimens is 111 mm,
with a variance of only �5 mm between specimens. In
comparison, the combined weighted average of the
lengths predicted by the two-section method is 114 mm,
with a variance of �25 mm. Thus, the average length
predicted by the two-section method proposed in this
paper is within 3% of the mean ®bre length obtained
by direct measurements. Comparing the two methodsFig. 7. A combined photomicrograph for Specimen no. 1.

Fig. 8. Weibull plots of ®bre-length distributions.
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specimen by specimen, all the average ®bre lengths pre-
dicted by the two-section method are well within one
standard deviation of the estimated population mean
found through the binder-burnout process. Thus, one
can conclude that the two-section method proposed in
this paper is capable of providing accurate predictions
of the average ®bre length.

5. Conclusions

In this paper, a novel method is proposed for esti-
mating the average ®bre length in short-®bre reinforced
composites. This technique estimates the ®bre length by
calculating the ratio between the number of ®bres
intersected by two consecutive, closely spaced sections
and the number intersected by a single section plane.
The estimates were veri®ed independently through a
conventional procedure involving binder burnout and
direct measurement of ®bre lengths in the residue. It was
found that the average ®bre length predicted by the two-
section method is in good agreement with the average
length obtained through the binder burnout.
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